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The Operator Compact Implicit Method for Parabolic Equations*
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This paper attempts to trace out the broad characteristics of a class of higher order
finite difference schemes which are applicable to the solution of parabolic partial differential
equations associated with viscous fluid flow problems. The basic method developed here uses
the approach of the compact implicit techniques applied to the full spatial operator. The
resulting spatial approximation, referred to here as the operator compact implicit method
can be implemented with a variety of temporal integration schemes. In particular, a simple
factorization technique is employed to resolve higher space dimension problems in terms
of simple tridiagonal systems. The operator compact implicit method is compared to
standard techniques and to some of the newer compact implicit methods. Stability charac-
teristics, computational efficiency and the results of numerical experiments are discussed.

1. INTRODUCTION

The current engineering requirements for providing computational fluid dynamics
codes for realistic viscous flow problems have provided the impetus for the develop-
ment and implementation of higher order finite difference techniques [8, 1, 24]. It has
been repeatedly demonstrated on model problems, that even the simplest types of
higher order methods should provide tremendous practical advantages in terms of
diminishing the required number of points (storage) and also the overall computing
time for a desired resolution.

The present effort was undertaken to confront the full range of associated com-
putational problems that would be involved in practical viscous flow field calculations.
Our goal was to try to develop a cohesive set of higher order approximation tools
which would help to indicate what methods ultimately might be best employed to
form the basis of a major new code.

It appeared to several people almost simultaneously (sparked by a suggestion of
Kreiss [17]) that from among the various techniques available a fruitful class of
methods might emerge from the so-called compact implicit techniques [3], [8], [25].
Although there appear to be a variety of forms and implementations, the approaches
do share some broad characteristics. The higher order is usunally sought for the spatial
part of the differential operator. The method developed is generally required to—
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1. reduce to tridiagonal form for fourth order accuracy;

2. allow for nonuniform spatial grids (usually at the expense of one order of
accuracy);

3. allow for flexibility in choosing the time step.

In the various methods developed so far all these conditions have been met for
simple model problems. However, further important concerns still remain.

As pointed out by [3, 4, 2] the usual compact implicit techniques, because of their
implicit complexity, are not generally applicable in a direct manner to problems with
varying order derivative terms unless a vector unknown of the derivative values is
considered. Indeed, adopting the factorization technique suggested in [3] for a wave
equation problem to a model parabolic problem resulted in numerical instabilities. To
circumvent such problems, we advocate the use of a more general spatial approxima-
tion method, an operator compact implicit method suggested by Swartz [26]. Essen-
tially, the same basic ideas are involved and instead of setting up spatial approxima-
tions for individual derivative terms one now poses the difference approximation in
terms of the spatial operator. This spatial approximation has been previously derived
in [20]; however, the basic derivation and implementation there proceeds along lines
different from those taken here.

Another serious concern that one has relates to the stability characteristics of the
overall method. If the spatial operator is associated with implicit temporal schemes,
as might be expected, a variety of unconditionally stable schemes result for the linear
model. However, the cell Reynolds number spatial stability characteristics are now
somewhat more difficult to elucidate for spatially implicit methods. Our analysis in
section IV is incomplete since it only applies for homogeneous equations with constant
coefficients. However, our analysis and experiments indicate that for the operator
compact implicit (OCI) approximation, there is a wider range of admissible cell
Reynolds number than for the usual compact implicit methods for general homoge-
neous problems.

In our numerical studies of nonlinear models we have chosen to use two different
approaches. As a benchmark, we have taken the basic Crank-Nicolson routine which
requires linearization or iteration. Our second approach adapts a Lees type method
[13] which does not require temporal iterations for a nonlinear problem. This latter
simple scheme has proven to be very effective in numerical experiments. What emerges
from our investigation is that a promising class of methods can be developed around
the operator compact implicit method. In the future we hope to resolve questions
concerning the treatment of mixed spatial derivative terms and to more fully resolve
the limitations associated with cell Reynolds number effects.

2. Basic DIFFERENCE EQUATIONS

The classical finite difference approach for solving two-point boundary value
problems of the form

L) = a(x) tye + b(x) u, = f, x € [0, 1] .0
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with #(0), u(1) given is to separately substitute standard approximations for the first
and second derivatives in (2.1) and then solve the resulting system of equations.
Accordingly, the centered second order approximation for these terms is

Bw UJ' Ui+1 - U]’

2h = 2/’1 =t = (uz)]' + O(hZ)’ (22)
2l L — ] .
8@/12(]] = UJ+1 2;; + U]—-] — (ua:ac)j + 0(/’12), (23)

where x; = jh,j = 0, 1,..., Jand U; ~ u(x;) and A = 1/J is the mesh size.

The resulting system of equations that is derived upon substitution of (2.2), (2.3)
imto (2.1) is tridiagonal, and hence easily solved. For the case of Dirichlet data, there
is no need to create fictitious points (i.e., to extrapolate information) in order to
implement the scheme. However, if higher order accuracy is desired, the classical
approach is to enlarge the basic mesh star, i.e. use more points in the discretization.
Again, for the centered type of approximation fourth order accuracy is achieved by
the equations

[1 : ) 2] %.U; Us — 8Uss + 8Usn — Ui

6 2h 12h
= (Uy); + O(h), 2.4
[I— 1 S 2] 8,2U; _ —U;5 + 16U; 4y — 30U; + 16U, — Uy
127°° h? 12h2

By substituting (2.4), (2.5) into (2.1) a pentadiagonal system of linear equations is
obtained, and it is necessary to use fictitious points near both boundaries.

A different fourth order approximation can be obtained by following a suggestion
of Kreiss [17]. The resulting representation is of an implicit nature in that there are
relationships among the function and its derivative at each of three adjacent mesh
points. Because the method achieves the highest order accuracy possible on the
smallest star it has been called the compact implicit method. For the derivatives
considered above, following our notation, one obtains

83:2 -1 890
[1+ =] 55U = @, + o
or
8 1 _ Ups— Upa _ [, 82
ﬂUf——T——[I—f— 6 ](ua:)j+0(h4)

_ ()i + 4(164w)a' mall GV N O(h%) (2.6b)
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and
8 2 4—1 812
[14+ 22" 2 0, = (s + 00 (2.72)
12 h
or
5,2 Ujyp — 2U; + Uj
2 Uj = 1 72 L= [1 + ] (um:c):l + 0(h4)
— (Uaw)ir + 10(uze); + (Mae)ia + o(hY). (2.7b)

12

Equations (2.6) and (2.7) are derivable by either a Taylor series analysis or a
Hermite polynomial interpolation or by thinking of (2.4) and (2.5) as Neumann
series representations (up to fourth order) of (2.6) and (2.7), respectively. These
formulas had been described in the earlier work of Collatz [6]. As a reference for these
formulas in the case of an uneven grid, see [1].

By substituting (2.6) and (2.7) into (2.1) it becomes apparent that in general it is
not possible to directly obtain a tractable system of equations in terms of U; alone.
Indeed, to solve the resulting system one can define new variables F; ~ (u;); and
S; ~ (u,,); and develop the following 3 % 3 block tridiagonal system of equations
approximating (2.1):

@) Uin — Uiy Fy +4F + Fiy
2h 6

—2U; + Uy Spq + 108, + S,y
w 12

© bF; + a;S; = f;,

:0’

(b P =0, (2.8)

where b; = b(x;) and @; = a(x;) and the above equations hold forj =1, 2,..., J — 1.
Alternatively, omitting S; and using only U;, F;, a 2 x 2 block tridiagonal system
results from using (2.8a) with

—2U; + U 1 (b 105, -
]+1 h2 - + 1 (a:+i FJ+1 —l_ A F + _1 Ff'—l)
ﬁ+1 lof; l f;'—l
]2 ( iy + a; a;_y ) (2’9)

Equations (2.8) and (2.9) require more work to solve them than the second order
method, but generally the higher order accuracy permits one to solve with considerably
fewer points to achieve a comparable accuracy. Moreover, for Dirichlet data, no
fictitious points are needed. Boundary values (j = 0, J) are required for F; in (2.9) and
for F; and S; in (2.8). These are obtained by either Hamming type formula [21], or a
Pade type formula [9].

These spatial approximation methods have been used by Hirsh [8], Rubin [24, 25},
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and Adam [1] with a resulting block tridiagonal system of equations. Our goal was to
achieve scalar tridiagonal systems. However it becomes apparent that the use of
compact implicit schemes with mixed order derivatives will not result in such simple
systems. (See [5], [8], [1] for details.) However, by using a different approach for the
spatial operator these goals for parabolic problems are still attainable. Namely, we
abandon our attempts to represent the separate derivative terms in the spatial operator
and adopt an approach which looks for a relationship on three adjacent points
between L(u) and the function u#. The resulting fourth order accurate relationship
may be derived by a Taylor series development and can be represented in the following
equations (see Appendix A for details).

4 UU Y + GO, + g (U)o = LTI £ 170 (g 109)
or
Q;R u(x;) = Lw); + O(h), (2.10b)

where the operators Q and R are each tridiagonal displacement operators, namely,

QU; = q;*Ujpy + q°U; + q;7Us (2.11a)
RU; = rjtU;q + r0U; + 17U, , (2.11v)
and where (for simplicity we omit the j index from Q and R)
g;t = 6a;a; 3 + h(5a; 1b; — 2a;b6,,) — h*b;b;_4,
q;° = 4[15a;,,a;y — 4h(a;1b;y — b;118,4) — h*b;1b; 4],
9" = 6a,a;., — h(5a;.1b; — 2a;b;1y) — h*bsb; 4, ,
rit = 319,*2aj + 3hbs) + ¢°Qa; + hby) + 9;,7(2a; — hb, )],
ri” = $[9;* 20501 + hbji) + 9°Q2a; — hb;) + ¢;7(2a;-, — 3hb; )],

rd = —(rst + ).

(2.12)

These relationships were first presented by Swartz [26]. Equation (2.10a) retains the
scalar tridiagonal feature of a second order method while not requiring additional
fictitious points at the boundary. Note, in the case where either a(x) or b(x) is iden-
tically zero, with the other coefficient identically a constant, the usual compact
implicit schemes (either (2.6) or (2.7)) will result. Because of these characteristics we
have adopted the terminology of referring to (2.10) as the operator compact implicit
(OCl) method. Note, a formula of structure similar to (2.10) — (2.12) is presented in
Appendix A for the case of an uneven grid. In that case the method is third order
accurate.

At least symbolically, we refer to the inverse of Q. The determination of when Q can
be inverted is in general a difficult problem. In the case of constant coefficients (a(x) =
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a = const, b(x) = b = const) the invertibility of Q on /, can be fully analyzed by
Fourier analysis [26]. Defining R, = hb/a as the cell Reynolds number, then Q!
exists for (see Appendix C for finite dimensional proof)

R, < (1212 = 3.464, (2.13)

The invertibility of Q on a finite dimensional space for variable coefficients is harder
to specify in general.

As indicated in Appendix A a standard Taylor series analysis of (2.10a) (i.e. setting
as many lower order derivative terms to zero in the truncation error) results in (2.11),
(2.12). This Swartz [26] approximation will be referred to as the standard OCI scheme.
However, it is possible to generate multi-parameter families of fourth order OCI
schemes by allowing various lower order derivative terms to appear. In a future paper
a generalized Taylor series development will be presented to provide a variety of OCI
schemes. In this paper we are exclusively interested in the full implementation of the
standard OCI scheme. The investigations here will provide guidelines for our future
paper on how to best select OCI schemes for wider applicablility and improved
robustness.

The above standard OCI scheme can be extracted from the works of [20], [11]
where approximation of a parabolic operator was considered. Our approach focuses
attention on the more general combinations of time dependent methods with OCI
schemes that are possible. It should also be observed that similar compact implicit
spatial approximations have been developed under various names, in particular
Collatz had sometime ago advocated such approaches which he refers to as “mehr-
stellen” methods [6]. More recently Collatz describes a format for even more general
operator implicit methods. See Topics in Numerical Analysis, Proceedings of Royal
Irish Academy Conference on Numerical Analysis, (J. J. H. Miller, Ed.), Academic
Press, New York, 1972. Several earlier efforts for constant coefficient problems can be
found in [7], [16].

3. THE OPERATOR CoOMPACT IMPLICIT METHOD

In this section we consider time integration methods which can be used with the OCI
spatial approximation for parabolic problems. The method is first developed for a
one dimensional problem and then by use of a factorization technique multi-dimen-
sional problems are reduced down to a sequence of one dimensional type problems.

The methods presented here are unconditionally stable. However, as with most
other methods for this problem there is a cell Reynolds number condition (2.13).
The discussion of stability will be reserved for section IV.

3.1. One-Dimensional Problems
Consider the equation

u, = a(x, £) u,, + bx, t)u, = L(u). 3.1)
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Let n indicate the time dependence in the difference approximation to  at the nth time

level.
The first time discretization method considered here is Crank-Nicolson.

U;Hl . an _ (Qn+1)~1 Rn+1U;l+1 + (Qn)—l RnU]n

At 2h? ’ (3.2)
which requires that one solve
U —XN@"™) 7R U™ = [ + NQ™)7' R"] U)" = G, (33)

where A = 4¢/2h2. (Note well, for simplicity in the presentation of the equations we
will be redefining A from time to time.) Denote the right-hand side of (3.3) by G*;
then

[Qn+1 . ARTH-I] an+1 — Q"+lGjn- (34)

Note the following facts about (3.4).

(1) The matrix represented by Qn+! — AR*+! is tridiagonal, thus very easily solved.
(2) No fictitious points, or extra boundary conditions are needed after initialization.
(3) The righthand side G;* may be computed by the simple recurrence relation

G® =2U" — G, (3.5

(4) The method is second order accurate in time, fourth order accurate in space,
and unconditionally stable (see Section 4).

(5) For constant coefficients the matrix (Q — AR) invertible for A > 0 when
R, < (12)'2. (See Appendix C.)

The second method to be considered is adapted from a Lees type scheme [13]. The
Lees method combined with an operator compact implicit spatial differencing suggests
the following method,

Ut — Upt (@) RUF + U 4 U

24¢ 32 ’ (36)

which requires the solution of
[ — XY R U= N@) ' RU + [T+ M) R U, (3)
where now A = 24¢/3h%. Multiply (3.7) by Q" to obtain

[Q" — AR™ UM = AR"[U," + UF™Y] + Q"Up . (3.8)
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As pointed out by the reviewer, a matrix multiplication can be saved by grouping
(3.8) alternatively as

[Q" — ARM[U — U™ = AR™U,™ + 207 71. (3.8")

Note the following facts about (3.8), (3.8").

(1) The matrix to be solved is tridiagonal.
(2) No fictitious points or extra boundary conditions are needed.
(3) The righthand side is easily computed.

{4) The method is second order accurate in time, fourth order accurate in space,
and unconditionally stable (see Section 4).

(5) It is necessary to generate U;' by some other method to begin the computation.
(6) No iteration is necessary for a nonlinear problem.

3.2. Two-Dimensional Problems

We now turn to the consideration of the two dimensional parabolic problem

uy = Ly(u) + Ly(u) = L(w), (3.9

where
L(w) = au,, + bu,, (3.10a)
L,(u) = cuy, + du, . (3.10b)

As pointed out in [5], our factorization technique can not be properly adapted with
the usual compact implicit method to spatial operators with different order terms.
Thus, the discussion here is restricted to the implementation of the OCI method.

For simplicity (3.10) is solved on a rectangular region given by

{(;, v): x; = jhe; ] =0, 1,...., L,y = kh,; k=0, 1,..., K},

where boundary data is prescribed for all 7 for j = 0, J and for £ = 0, K, and initial
data is prescribed for ¢# == 0. As in [3] it is possible to directly extend the method
developed here to rectangular-like L-shaped domains. We shall denote the OCI
approximations to the operators in (3.103), (3.10b) by equations (2.10) — (2.12)
with subscripts x and y, respectively.

The methods to be presented are of the ADI (Alternating Direction Implicit)
variety and their derivations are similar to those developed in [4] for the treatment of
the wave equation.
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Crank-Nicolson Time Discretization

As before, the first method to be examined uses a Crank-Nicolson time discretization

Un+1 :zk _ (Q:+1)—1 R:+1 n+1 + (an)—l R
Az 2h 2

§ @RI L @R )
Y

As in the one dimensional case where each of the derivatives was represented
separately, there is no way to “‘unravel” the different inverse operators in (3.11)
except by adding to (3.11) the by now familiar second order perturbation cross
term

~ AN [ R

(@ 55 U (3.12)

where 6,7 is the forward difference operator. The resulting equations are easily seen
to assume the factored form

[I _ Am(Q:-}—l)—l Rn+1][I _ AV(QZH)_I Rn+1] n+1
= [I + Am(an)—l an][l + )‘u(Qvn)_l Ru”] U;"tk s (3-13)

where A, = At/2h,2 and A, = 4¢t/2h 2.
By introducing an intermediate variable, (3.14) splits into two tridiagonal systems

[7 — 2027 RZ™ Z75 = G (3.142)
U — AQ0™y RPT U = Z37, (3.14b)
where
J k— [I + Aav(Q:rn) R ][I + ’\'y(Q'u )_1 R n] Uank (315)
G} is easily computed using previous values by the relationship

Gix = 2Uix — Z7x + Q.77 R"UT) + Gyl (3.16)

In order to solve (3.14a), boundary conditions for Z}';* on the x = const. boundaries
are needed. Likewise, in order to solve (3.14b) boundary conditions for Z;'}* on the
y = const, boundaries are needed. These intermediate boundary conditions are
obtained in the following manner:

(1) Use one sided differences to compute Z;';* at the four corner points. Here, the
fact that Z}{' is a fourth order approximation to u]'}' — (d¢/2)(cu,, + du,);t! is
used.
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(2) On the x = const. boundaries, (3.14b) is employed to solve for Z]';":
Qn+lzn+1 [Qn+1 Rn+1] n+1
Y ik

(3) Now that the x = const. boundaty data for Z;* have been obtained, one can
proceed with the x sweeps of the ADI scheme using (3 14a). Included in these sweeps
are the y = const. boundaries. Thus, the Z]'* boundary values necessary for the y
sweeps in (3.14b) are now fully available.

Lees Time Discretization
Finally, 2 method which is a generalization of the one dimensional OCI-Lees
scheme is examined. Approximate (3.10) by

Un+1 . an—l Rmn R n 7I+1 Un U’ﬂ~]
Yin — Uik [y Re 1 (g1 K] e £ Ui 2 i) - 3.49)
@ Y

Again, in order to obtain a factored tridiagonal method one adds the second order
perturbation term

"] 8y Urs

N At2 [(an) —1 At

=l
to obtain
[ — 2@ R — M@, ™ R, USE
= Q) R + M0, R, U
+ I+ MA@ R + M@ RS U (3.18)

Or alternatively, as pointed out by the reviewer, a more efficient form results from
solving the left had side for (U;'3' — U';") namely,

[I — Aav(Qaﬂn) R ][I - A1I(Qun) R ][ n+1 1";1
= A2 R 4 MA@, RUS, 4 20751 (3.18)

Denote the righthand side of (3.18) by G}, , introduce an intermediate value Z;'’,
and apply our usual splitting to obtain

[an - )\WRm ] ;HI;I - Q:c J k> (3193)
[Qvn - /\va"] "+1 Qy Z;'Hz;l (319b)

Note the following:
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(1) There does not appear to be any simple algorithm for computing the righthand
side. However, upon multiplying G}, by Q," (as in (3.19a)) it is clear that only a back-
solve of the tridiagonal matrix Q,” for different righthand sides is required.

(2) The intermediate boundary condition for Z}'}* is obtained in the same manner
as in the Crank-Nicolson case once the Z]'}! at the four corner points are computed.

(3) As in the one-dimensional problem an extra plane of information must be
generated to begin the computation and no iteration is necessary for nonlinear
problems.

4. STABILITY CONSIDERATIONS

In this section we discuss two stability characteristics which enter into the evaluation
of the usefulness of difference schemes for parabolic equations. At the threshold one
must consider the Lax-Richtmyer stability of the evolutionary operator [22]. More
recently, it has come to be appreciated that the stability characteristics associated
with the spatial operator should be examined [23], [9], [12]. The ability of a spatial
difference scheme to resolve the spatial variation in a region of sharp gradients
(boundary layer) often gives rise to a so called cell Reynolds number condition. Here

we examine these stability questions for the compact implicit schemes previously
discussed.

4.1. Temporal Stability Analysis

For the case of constant coefficients one can analyze the L, stability of the difference
scheme of interest by Fourier analysis [22]. Here the discussion is limited to OCI
schemes. Substituting U;" = pcne® into (3.2) yields

2+ A6
Pcn = (*zj“)TEe;—), (4.1a)
where
B 24(cos 0 — 1) 4 iR(12 — R2) sin 0
M0) = 3a 35— R 5~ (6 — R cos 6 L 3R, sin 6" (4.1b)

The term /() is associated with the Fourier transform of the spatial operator
alone [26]. For stability it is required that | p%, | < 1. Imposing this condition

directly on (4.1) yields, Re /() < 0 as a necessary and sufficient condition for stability.
This latter condition requires that

24(cos 8 — 1[30 — 2R2 + (6 — R,?) cos 0] 4 (12 — R2) 3R2sin? § < 0.
Collecting terms and factoring out a (cos 8 — 1) term yields

(cos 8 — 1)[720 — 84R,2 - 3R,4 + cos 8(144 — 60R,2 - 3R] <0 (4.2)
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Regrouping, and noting from (2.13) that the region of interest is R2 < 12, yields

(cos 6 — 1[12(12 — R.2) + 12(12 — R2cos f) - 288 + (144 — T2R2 + 3R
X (cos 8 + 1)] < 0. 4.3)

To see that this inequality is always satisfied for R, < 12, note that the term in the
left parentheses is <0 and the term in the bracket is the sum of four terms, the first
three of which are clearly nonnegative. The last term in the bracket takes on a negative
minimum at R;? = 12 and even when cos # = 1 this minimum is just the negative of
the third term. This establishes that | pcn | << 1 for R.? < 12, and the unconditional
temporal stability of OCI-CN. The two space dimension case follows directly.

To see that OCI-Lees is similarly stable, substitute U;" = p,;"e*? into (3.6) to obtain
a quadratic for p; ,

p P+ 3K+ Dp, +K=0 4.9

where K = pcy as in (4.1) above (with A replaced by £A). Since the OCI-CN method is
unconditionally stable, clearly in the range of R.22 < 12, | K| < 1. The stability of the
OCI-Lees method is now contained in the statement of the following lemma

LeMMA. For the roots py of (4.4)

lp | <1 iff K[ <L

Proof. First we prove the lemma for the case of equality in both inequalities.
Say K = ¢** then solve for p, directly as p, = pe’®/? where p = e, cos ($/2) =
—2cos . Clearly such i exists and thus |p, [ = |p | = 1. On the other side, if
| pr | =1, say pp = €i¢/%, then soving for X yields

1 + 2et¢/2
K= —177ar
Thus | K| = 1. This completes the proof that | p, | = 1 iff | K| = 1. To show that
| po | << 1iff | K| < 1 examine the variation of the roots p, with respect to the unit
circle as K varies from 0 to +00. At K =0, p, = 0, —3, both roots are inside the
unit circle. Now by a connectivity argument, and the fact that the p; roots depend
continuously on the coefficient K [18], varying K such that | K| < | then the cor-
responding roots p; must remain strictly inside the unit circle. Indeed, if some root
“touched” the unit circle, i.e., | p, | = 1, then by our proof above | K| = 1. This
argument demonstrates that for | K| < 1, | p, | < 1. Conversely at K = 4 co both
py, Toots are outside the unit circle thus, again by a connectivity argument the p, must
remain outside the unit circle for all X such that | K| > 1.

Finally the stability of the two dimensional Lees-OCI method is established using
the above Lemma. Substituting U}, = p"e?/®+¥¢) into (3.19) one obtains

P+ 31— aB)p — o =0, @.5)
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where a = (1 + AJ(@)/(1 — AJ(6)), B = (1 + AJ($)/(1 — Ai($)), and where /(6)
and /(¢) are defined by (4.1b) for x and y, respectively. Noting that «, B are each
separately in the form of a pcy as found above, one concludes from the above lemma,
that in the range | R,°| << (12)*/%, | R¥ | < (12)'/2 (i.e., where the cell Reynolds
number invertibility condition is satisfied for each spatial operator) | « | <{1,| 8| < 1.
Now identifying K = —af in (4.5) clearly our above Lemma implies | p | < 1.

4.2. Spatial Stability

Experience with computations involving diffusion convection equations has long
shown that nonphysical oscillations will appear in the computed solution when the
spatial mesh size is not sufficiently small [23], [9], [12]. Here we use the standard
linear analysis to attempt to predict some of the cell Reynolds number limitations
associated with the methods discussed in this paper. Through-out this subsection, for
discussion purposes, we will consider the following model “boundary layer” problem

aug, — bu, =0, a, b positive constants

4.6)
uw(0) =0, u(l) =1
where in general b/a is large. Note, the solution of (4.6) is
u(x;) = ¢ + "% = ¢; + %, x; = j dx. 4.7

Operator Compact Implicit

The spatial stability analysis for this method is quite straightforward and provides
a practical guide for the range of usefulness of the scheme. Assuming Q—1RU; = 0 is
applied to (4.6) then one is to consider the three point homogeneous difference
equation

RU; = 0. (4.8)

Substituting a solution of the form U; = p/ into (4.8) (using (2.11b)) leads to the
general difference solution

_ 244+ R(12 — RY)
F= 2 —“RM2=RY"

U = ¢, + cop; 4.9

Three cases are possible for general R, :
1. R, < (12)¥/2, u > 1. The difference solution is monotone increasing, concave up,
and properly approximates the true solution

2. (12)'72 < R, < 4.207607 (R, value where numerator of p vanishes), 0 <p < 1.
The difference solution is monotone increasing but concave down and completely
wrong.

3. R, > 4.207607, — 1 < u < 0. The difference solution is oscillatory.
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In summary, the spatial modal analysis, of essentially the operator R indicates that
the cell Reynolds number R, should be restricted to the exact same condition used for
the invertibility of Q, i.e. R, < (12)*/2 This represents no additional limitation on
how one would prudently employ the OCI method.

Compact Implicit-Block Methods

To check the spatial stability of any of the block tridiagonal compact implicit
methods it is sufficient to consider any one of them since each method (either the
2 x 2, or the 3 X 3) has the same set of characteristic roots. Thus, the fundamental
modes of the system can be obtained by taking a solution of (2.8a, ¢) for (4.6) in the
form

(%) = W (z:), j=01,.,J. (4.10)

A nontrivial solution results if the determinantal equation
(5 — DI — R p* + (12 — HRY g2 — (12 + 1IR)p — (4 + R)] =0 (4.11)

holds. A study of (4.11) will at least provide an indication of what types of non-
physical results are possible. However, there are four roots (and corresponding
arbitrary constants) to contend with now. A proper analysis involves consideration
of the particular schemes used to approximate the required derivatives at the bound-
aries. Here we present a qualitative analysis of the possible numerical solutions of
(4.6) along with some illustrative computational experiments.

For our model example (4.6) one would like to obtain a U; which is monotone, or
at least, does not have large oscillatory modes which are dominant. Generally, this is
accomplished by restricting R, so that if Re u << 0 then | p | << 1. However, a simple
inspection of the bracketed cubic in (4.11) at u = —1, 0, 1 reveals that such a condi-
tion can not be found, since there are (for R, < 4) always three real roots of (4.11),
Py s [_ 5 po Such that

po > lp. < —1, —1 <py <O

Thus the block tridiagonal schemes for (4.6) do not satisfy what has been generally
considered a reasonable stability requirement. Yet the schemes are useful in practice;
see Section 5. The reason why the oscillatory modes do not even appear in some
calculations, let alone dominate them, is tied to a consideration of the way the coeffi-
cients are determined by the boundary conditions.

A series of numerical experiments was made for (4.6) and qualitatively we can
conclude the following. In the range of R, values (0 << R, < 4/(15)!/2 = 1.0328) where
ps < |p-| no dominant oscillations occur. While in the range 4/(15)'2 < R, <
2.14383 corresponding to the 4, range | p | < u, < e®e the negative oscillations tend
to affect more of the region. For u, > e® the oscillations are apparent in most of the
region. Typical results are presented for R, = 1.0, 1.5, 2.0, 2.4 in Tables 4.1, 4.2.
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TABLE 4.1

Compact Implicit (2 x 2) Block Tridiagonal Solution of (4.6)
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R; = 1.0, bja = 30

R, = 1.5, bja = 45

J U, u(x;) J U; u(x;)
1 0. 0. 1 0. 5
2 16513E—12 .16079E—12 2 .26899E—13 99664E—19
3 61378E—12 .59786E—12 3 —.50788E—13 .54633E—18
4 .18330E—11 17860E—11 4 .14292E—12 25481E—17
5 S1414E—11 S0155E—11 5 —.33484E—12 .11520E—16
6 .14134E—10 13794E—10 6 .84259E—12 S1727E—16
7 .38533E—10 .37658E—10 7 —.20584E—11 23192E—15
8 .10486E—09 .10253E—09 8 .50913E—11 .10395E—14
9 .28480E—09 27885E—09 9 —.12520E—10 46589E—14
10 77395E—09 75816E—09 10 30904E—10 M:B
M USRS B TR AVEEL
13 15495 E—07 15230E—-07 13 —.45992E—09 18795E—11
14 A42104E—-07 41399E—07 14 .11474E—08 84235E—11
15 11428 E—06 .11254E—-06 15 —.27645E—08 37751E—10
16 .31053E—06 .30590E—06 16 .70919E—08 .16919E—09
17 84279E—06 83153E—-06 17 —.16225E—07 I5826E—09
18 .22803E—05 .22603E—05 18 45561 E—07 33983E—08
19 .62155E—05 .61442E—05 19 —.87359E—-07 .15230E—07
20 .16892E—04 16702E—04 20 .32645E—06 . 68256 E—07
21 45839E—04 45400E—04 21 —.30805E—06 .30590E—06
22 .12458E—03 12341E—-03 22 29748E—05 13710E—-05
23 .33806E—03 .33546E—03 23 25611E—05 .61442F—05
24 91885E—-03 91188E—03 24 37845E—04 27536E—04
25 24931E—-02 24788 E—02 25 .10386E—03 12341E—-03
26 .67769E—02 .67379E—02 26 .62403E—03 .55308E—-03
27 .18386E—01 .18316E—01 27 2390SE—02 .24788E—02
28 49982E—01 49787E—01 28 .11645E—01 .11109E—01
29 .13560E+-00 .13534E4-00 29 49587E—01 .49787E—01
30 .36864E+00 .36788E00 30 22727E+00 22313E4-00
31 .10000E+-01 .10000E-+01 31 .10000E+01 .10000E4-01

581/28/2-2
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TABLE 4.2
Compact Implicit (2 x 2) Block Tridiagonal Solution of (4.6)

R, = 2.0, bla = 60 R, =24,bla=1T2

j U; u(x;) J U; u(x;)

1 0. 0. 1 0. 0.

2 40527E—11 55946 E—25 2 .10396E—09 53927E—-30

3 —.60778E—11 46933E—24 3 —.13186E—09 .64837E—29

4 16219E—-10 .35239E-23 4 .34476E—09 .72010E—28

5 —.32360E--10 26094 E—22 5 —.60936E—09 79432E-27

6 J73391E—10 19287E—-21 6 .12990E—08 87565E—26

7 —.15680E—09 .14252E-20 7 —.25178E—08 96525E—25

8 34427E—09 10531E—-19 8 51159E—08 .10640E—23

9 —.T4643E—09 JT7811E—19 9 —.10152E—-07 A1729E—-22
10 16277E—08 .574956—18 10 .20383E—07 12929E—-21
1 —.35401 E—08 42484E—17 11 —.40686 E—07 14252E—20
12 77089 E—08 31391E—-16 12 81453E—-07 .15710E—19
13 —.16777TE—-07 23195E-15 13 —.16283E—06 17317E—18
14 36522E—07 AT139E—14 14 32573E—06 .19089E—17
15 —.79496 E—07 12664E—13 15 —.65138E—-06 21042E—16
16 17304E—-06 93576E—13 16 .13028E—05 23195E—15
17 —:37667TE—06 69144E—12 17 —.26056E—05 25569E—14
18 .81991E—06 S51091E—-11 18 S52113E—-05 28185E—13
19 —.17847E—05 37751E—10 19 —.10423E—04 31068E—12
20 .38851E—05 27895 E—09 20 .20845E—-04 34247E—11
21 —.84541E—05 .20612E—08 21 —.41690E—04 37751E—10
22 J18423E—04 15230E—07 22 .83381E—04 A41614E—09
23 —.39949E—04 11254E—06 23 —.16676E—03 45872E—08
24 .88083E—04 .83153E—-06 24 .33357E—-03 .50565E—07
25 —.18344E—-03 .61442E—05 25 —.66651E—03 .55739E—06
26 46035E—03 45400E—04 26 .13401E—-02 .61442E—05
27 —.55256E—03 .33546E~03 27 —.26014E—02 6T7T29E—-04
28 A45128E—02 .24788E—02 28 60827E—02 J4659E—03
29 .14551E—01 .18316E—01 29 —.23290E—02 .82297E-02
30 .14782E+00 .13534E4-00 30 .11462E+00 .90718E—01

31 .10000E+-01 .10000E+-01 31 .10000E+01 .10000E+-01
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The case R, = 2.4 is particularly interesting because here p_ = —2 and the u_
term is the dominant term in the solution in the interior part of region as is apparent by
observing that the ratio of successive terms is —2.

Since the circumstances where these spatial oscillations will dominate (they are
always present for constant coefficients) is not easily anticipated, one should be aware
of this potential problem for the block compact implicit methods.

5. NUMERICAL EXPERIMENTS
5.1. Introduction

In this section results of numerical experiments conducted with the various schemes
that were discussed in Sections 2 and 3 are presented. These calculations were per-
formed in order to determine the viability of the OCI method for solving parabolic
problems, to understand its characteristics and limitations, and to compare its
performance with classical second order techniques as well as to other fourth order
approaches.

One of our major concerns is the efficiency of the various schemes, i.e. computation
time required to obtain a given accuracy. Obviously this is machine as well as pro-
grammer dependent. In order not to bias any of the techniques care was taken to
program the algorithms in an efficient and consistent manner. The computing times
that are given include time for: matrix setups, inversions, boundary condition evalua-
tions and (for nonlinear problems) iteration procedures. All results were computed
on the NSWC/WOL CDC 6500 computer.

The operation count estimates (multiplications and divisions) for the block tri-
diagonal inversion algorithm is given in [10] as

ops = (3n — 2Y(m® + m?) 5.1

where m is the order of the block and » is the number of equations. This estimate
assumes full blocks. However, if the specific values of the elements of the blocks are
taken into account, e.g., zeros and ones, the actual operation count can be greatly
reduced. Such modified algorithms were used to obtain the reported results.

A comparison of operation counts for the various inversion procedures (assuming
full blocks) and the modified algorithms are presented in Table 5.1. Also included
there are the matrix setup operation counts. Note that for the block methods the
inversion of the matrix is the dominant factor in the running time, while for the OCI
technique the matrix setup accounts for most of the time,

For completeness the operation count estimates for the explicit pentadiagonal
method are also included (although no calculations were performed with it). The low
operation count is offset by the need for extrapolation formulas near both boundaries.
The unfavorable spatial stability characteristics of the block methods (four roots)
are also possessed by this method.
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TABLE 5.1

Matrix Setup and Inversion Operations® Uniform Mesh

Inversion Total
setup + actual
Matrix Estimated® Actual Setup inversion
Scalar tridiagonal (OCI-CN) 5N —4 SN — 4 22N — 22 27N — 26
2 x 2 Block tridiagonal (C-N) 36N — 24 27N — 60 8N + 16 35N — 44
3 x 3 Block tridiagonal (CN) 108N — 72 49N — 62 4N + 24 53N — 38
Scalar pentadiagonal 11N — 16 10N° 2IN—16

¢ Here it is assumed that multiplications and divisions are equivalent. However, on certain machines
this may not be true; e.g., on the CDC 6600 a division is comparable to six multiplications. The
operation counts would have to be changed accordingly for the methods.

¢ Reference [10].

¢<Does not include operation counts for extrapolation formulas for points adjacent to the

boundaries.

5.2. Linear Parabolic Equation

The first numerical experiment involved the solution of a one dimensional linear
parabolic partial differential equation with variable coefficients

Uy = a(x, ) uge +b(x, )up; t2>0;0<x <, (5.2a)
where
1+ D, _ 1+
a(x9t)"—2(t+2)29 b(x,t)—2 t_l__2)9
with the exact solution
u(x, 1) = u,(x, t) = expl(x + )¢ + 2)]. (5.2b)

Initial and boundary conditions are given by
u(x, 0) = ux, 0),

(5.2¢)
u(0, t) = u, 0, 1); u(l, t) = u,(1, t).

This example was constructed in order to test the stability and convergence proper-
ties of the methods under consideration for a variable coefficient problem. Results are
shown in Table 5.2 and Fig. 1. All the methods tested were stable and show the
predicted convergence rates. Crank—Nicolson temporal integration was used for all
the schemes.
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Linear Variable Coefficient Parabolic Equation

TABLE 5.2

U = a(xs t)u:m + b(x, t)”z
u = exp{(x + 1) + 2)}
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Time steps Computing time®
Method N (4t = 0.0001) L, Error L, Rate (sec)
Second order 100 2000 0.20 * 10~ 1.98 35.5
Crank-—Nicolson 160 2000 0.79 * 10~ 1'9 6 554
200 2000 0.51 % 109 1'97 68.8
400 2000 0.13 % 1079 . 135.5
3 X 3 block 5 2000 0.15 x 10 406 12.2
Crank-Nicolson 10 2000 0.90 * 10-8 4'1 4 17.7
20 2000 0.51 % 1097 4'67 304
40 2000 0.20 % 10 : 58.5
2 X 2 block 5 2000 0.83 % 10-% 3.58 7.4
Crank-Nicolson 10 2000 6.70 x 10— 3' 87 11.9
20 2000 0.48 * 10~7 4' 50 20.8
40 2000 0.20 x 10~ ) 40.2
Operator compact 5 2000 0.24 * 10~ 4.00 54
implicit Crank- 10 2000 0.15 = 10~ 4'00 8.8
Nicolson 20 2000 0.94 % 1097 4' 5 15.6
40 2000 0.41 x 100 ! 30.0

¢ Computation times are for a CDC 6500.

Fic. 1.

2ND GROER

2n2BU0CK 3,3 BLOCK

N=200

N=40

L
10

20 3 4 50 60
TIME (SECONDS}

n

Linear variable coefficient equation. Ly Error vs running time.
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Of basic interest is the savings that can be obtained in storage and computational
time. As noted in Table 5.2 and Fig. 1 the OCI technique compares favorably with
the other methods tested. This is not wholly unexpected, since the block methods
require additional work to compute the first and/or second derivatives.

It is also important to note the differences in the computed L, errors of the fourth
order methods. These result from several factors among which are the local truncation
error and boundary conditions. The spatial truncation errors, which are dominant
for the case considered, are given below.

Compact Implicit-(Block Methods)

First derivative:

—h*

_ (5) 6

Second derivative:
—ht (s) 6
E, =gt + o).

Thus for Eq. (2.1) with @ and b constant the local spatial truncation error at point j
would be

(A e b e
" (g4 + 155 4°)- (5.3)
ocCI
Specializing Eq. (A16) for constant coefficients yields
s @ u® L 29 (5)
H* (505 + ) (5.4)

In achieving a scalar tridiagonal system, the OCI technique leads to an unsymmetric
difference formula and thus has a larger local truncation error than the block methods
that were derived from symmetric formulations. Were it not for the different boundary
conditions, Pade relations for the 3 x 3 block method and a Hamming type formula
for the 2 x 2 block method (see [5] for details), both block techniques would give
identical errors.

5.2.1. General boundary conditions. The OCI method can also be applied to problems
with more general boundary conditions of the form

Au, + Bu = g. (5.5)

A linear fourth order accurate expressmn is sought relating u, at the boundary with

B T S N n o1 oA
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the coefficients in (5.6) can be evaluated. These coefficients and the truncation error
are given in Appendix B. As an example, Eq. (52a) was solved with the boundary
conditions:

x=0, u+ uy=ul0)+ (u)0) = (t + 3) exp[t + 2],
x=1, u = u,(1) = exp[2(z + 2)].

TABLE 5.3

Linear Variable Coefficient Parabolic Equation

Uy = a(x, gy + b(x, t)u,
u=u, =explx + 1)+ 2)
u(©0) + u(0) = (¢ + 1 explt + 2], u(1) = u(1)
OCI — 2000 Time steps

Computing time®
N L, Error L, Rate (sec)
5 0.222 x 1072 6.57
10 0.122 * 10~ 4.796 9.58
20 0.737 = 10-% 4.049 16.71
40 0.441 = 10-9¢ 4.063 30.42

¢ Computation times for a CDC 6500.

Table 5.3 shows the L, errors and L, rates of convergence for different mesh
widths. Comparisons with the results in Table 5.2 indicate that for general boundary
conditions the L, error is larger and the computation time is increased.

5.3. Burgers Equation

In order to test the various methods for a nonlinear problem that is indicative of
viscous flows the one dimensional Burgers equation was investigated. Consider

U= —(U — a) uy + vy, . 5.7
With the exact steady state solution given by

u,(x) = a{l — tanh(ax/2v)}. (5.8
Near x = 0, #(x) exhibits large gradients, and as » — 0, a steep shock wave forms. The

ability to resolve this flow field would demonstrate the viability of the various methods.
Solutions were obtained in the domain —5 < x < § with o = } and for various
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values of v, and with the exact values of u(x) specified at the boundaries. The initial
conditions employed for all cases are

1, —5<x <0,
ux,00=1¢0.5  x=0,
0, 0<x<S.

Results of computations with the OCI (Crank—Nicolson and Lees) methods and
the second order Crank-Nicolson finite difference scheme are presented in Tables
5.4-5.7 and Fig. 2.

Since Eq. (5.5) is nonlinear, a linearization such as proposed by McDonald and
Briley [14] or iteration is necessary for the Crank-Nicolson temporal discretization.
Here, we adapt the OCI method with successive approximation for the nonlinear
term, uu, , i.e.,

U (U™ = USU, (5.9

where U is the latest iterant value. This procedure converges linearly.
The second order finite difference scheme uses a different type of linearization, viz.

n+1/2 n+1 n+1 n n
)M (L2 (U; — o) ( Uiy — U5 i+1 7 Y 5.10a
U, ®) ( a:)a ) A% + A% 9( . )
where U is replaced by
(U* + UMJ2, (5.10b)
TABLE 5.4
Steady State Solution of Burgers Equation:
Second Order Crank-Nicolson
v N h = dx vAt/h? Max error L, Error L, Rate
0.500 50 0.20 6.25 0.633 x 103 0.125 % 102 2,007
100 0.10 25.00 0.158 % 10~2 0.311 % 103 1’999
200 0.05 100.00 0.395 = 10— 0.778 x 10— '
0.250 50 0.20 3.125 0.303 % 102 0.442 x 102 2.020
100 0.10 12.50 0.747 % 103 0.109 % 102 1'997
200 0.05 50.00 0.186 x 102 0.273 %1072 '
0.125 50 0.20 1.5625 0.128 x 10— 0.131 = 10 2.061
100 0.10 6.25 0.303 % 102 0.314 % 102 2'019
200 0.05 25.00 0.749 % 103 0.775 x 102 ’
0.062 50 0.20 0.775 0.694 % 10— 0.473 x 101 2331
100 0.10 3.100 0.130 x 10— 0.940 x 102 2'069
200 0.05 12.40 0.308 x 102 0.224 % 102 :
1 -1
0.031 100 0.10 1.55 0.694 * 10— 0.334 x 10 2328

200 0.05 6.20 0.130 % 102 0.665 x 10~
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TABLE 5.5

Steady State Solution of Burgers Equation:

OCI Crank—Nicolson and Lees

157

v N h = dx vAt[h? Max error L, Error L, Rate
0.500 10 1.00 0.25 0.132 % 102 0.231 %« 102 4.076
20 0.50 2.00 0.796 x 10 0.137 x 102 4’028
50 0.20 6.25 0.205 » 10~® 0.348 « 10-5 3.98 5
100 0.10 25.00 0.128 *x 10-¢ 0.216 =« 10~ '
0.250 10 1.00 0.125 0.189 x 10~ 0.267 * 10! 4.125
20 0.50 0.500 0.126 x 102 0.153 * 102 4.062
50 0.20 3.125 0.312 % 10¢ 0.370 % 10 4.008
100 0.10 12.500 0.194 % 10~® 0.230 x 105 )
0.125 20 0.5 0.250 0.187 x 10! 0.188 % 10 4.120
50 0.20 1.563 0.466 * 102 0.431 % 103 4.046
100 0.10 6.250 0.312 x 10 0.261 = 10~ ’
0.062 50 0.20 0.388 0.868 * 102 0.554 = 102 4.145
100 0.10 3.100 0.484 % 103 0.313 x 103 ’
0.031 60 0.167 0.558 0.598 % 10! 0.346 % 10! 4.263
100 0.10 1.550 0.868 x 102 0.392 % 102 ’
TABLE 5.6
Steady State Solution of Burgers Equation;
Comparison of U Profiles
(v = 0.500)
OCI-CN
Exact Second order CN
X U N=10 N=20 N =100 N = 200
—5.00 0.993307 0.993307 0.993307 0.993307 0.993307
—4.00 0.982014 0.982042 0.982015 0.982014 0.982021
—3.00 0.952574 0.952845 0.952589 0.952574 0.952595
—2.00 0.880797 0.881716 0.880850 0.880797 0.880833
—1.00 0.731059 0.732380 0.731138 0.731059 0.731094
—0.40 0.598688 0.598688 0.598705
—0.20 0.549834 0.549834 0.549842
—0.00 0.500000 0.500000 0.500000 0.500000 0.500000
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TABLE 5.7

Steady State Solution of Burgers Equation
Comparison of U Profiles

v = 0.031
OCI-CN
Exact Second order CN
X U N =60 N = 100 N = 200
—1.200 1.000000 1.000000 1.000000
—1.167 1.000000 0.999997
—1.000 1.000000 0.999990 1.000000 1.000000
—0.833 0.999999 0.999963
—0.800 0.999998 0.999995 1.000000
—0.667 0.999979 0.999894
—0.600 0.999937 0.999903 1.000000
—0.500 0.999086 0.999651
—0.400 0.998425 0.998091 0.999981
-—0.333 0.995397 0.998843
—0.200 0.961794 0.962779 0.994937
—0.167 0.936325 0.996115
0.000 0.500000 0.500000 0.500000 0.500000
0.167 0.063675 0.003885
0.200 0.038206 0.037221 0.005062
0.333 0.004603 0.001157
0.400 0.001575 0.001909 0.000019
0.500 0.000314 0.000349
0.600 0.000063 0.000097 0.000000
0.667 0.000021 0.000106
0.800 0.000002 0.000005 0.000000
0.833 0.000001 0.000032
1.000 0.000000 0.000010 0.000000 0.000000
1.167 0.000000 0.000003
1.200 0.000000 0.000000 0.000000

U*, being the last iterate. This form of iteration has super-linear convergence proper-
ties [19].

Both methods assume an initial guess for U]'*' = U} which is used to solve the
resultant tridiagonal system of equations. Iteration is employed until the difference
between successive iterants is less than some preset tolerance. The steady state is
assumed when differences in solution values at two time steps is less than some
predetermined value.
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FiG. 2. Steady state Burgers equation. L, Error vs number of intervals.

In contrast to the above procedure, the OCI-Lees discretization does not require
iteration and generally approached the steady state in about the same number of time
steps as the OCI-CN method.

Figure 2 presents a graph of the computed L, error versus the number of intervals,
for the fourth order and second order schemes. The storage savings possible with the
OCI method are readily evident from the figure. Tables 5.6 and 5.7 compare solution
values obtained from the fourth order and second order methods with the exact
value, for two cases, v = 0.5 and v = 0.031.

Although the cell Reynolds number analysis for the OCI method given in Section 4
was derived for a linear spatial operator, this theory can be useful in predicting the
behavior for nonlinear time dependent problems. For the Burgers equation it was
found that physical solutions were obtained for a steady state only when | R, [max <
2.55, where

w(u——a)h__h_
e

However, a careful inspection of the numerical results indicates that for | R, max >
2.55, in computing the transient solution, values are encountered which yield cell
Reynolds numbers exceeding (12)!/2, and physical steady state solutions cannot be
obtained. These results suggest that when the homogeneous case maintains, one should
monitor the evolution of the local cell Reynolds number and consider modifying
the spatial mesh when necessary.

The results of the computations presented above suggest that the OCI method can
be adapted to handle nonlinearities with very little additional effort and can resolve
regions with sharp gradients.

5.4. Two Dimensional Problems
The OCI method was tested for a two dimensional parabolic equation

U= a(x’ Vs t) Uy + b(x: Vs t) Uy + C(x’ Vs t) Uyy =+ d(x, s t) Uy,
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whose coefficients were constructed in order to obtain the solution

u(x, y, 1) = exp{(x + (v + D(z + 1)}

Neither efficiency studies nor comparisons with other methods were made. The aim
here was mainly to check the order of accuracy and the viability of the ADI formula-
tion. Table 5.8 demonstrates that the splitting technique given in Section 3 yields
fourth order accuracy. Ciment and Leventhal [3] have demonstrated that for hyper-
bolic equations this type of ADI scheme retains fourth order accuracy on other than
rectangular domains, e.g., L shaped domains. Similar results are expected for para-
bolic equations.

TABLE 5.8

Two Dimensional Parabolic Equation: OCI-Crank—Nicolson
uy = a(x, y, tze + b(x, y, u, + c(x, y, u,, + d(x, y, u,
u(x, y, 1) = exp{(x + D(y + D + 1}

Domain is square 2 = [} < x, y < 1], dx = dy = h

Max Max
Time relative relative
steps h At L, Error L, Rate error rate
b 0.1 0.1 3.235 — 03 1.544 — 04
20 0.05 0.025 1.517 — 04 :g;g 1.031 — 05 33(7);
80 0.025 0.00625 4.890 — 06 ' 6.549 — 07 ’
10 0.1 0.1 3.903 —- 02 3.909 — 04
40 0.05 0.025 1.896 — 03 3'38‘9‘ 2,559 — 05 ;ggg
160 0.025 0.00625 6.311 — 05 ’ 1.619 — 06 ’

APPENDIX A

The Swartz operator compact implicit formulas are derived here for uniform and
nonuniform grids, with their associated truncation errors.
Given the spatial operator

L(u) = a(x)ua:w + b(x)uac s (Al)
a linear relationship between # and Lu at x; is sought in the form
rou- + ruy 4 rruy = g L(w)- + q°L(u)y + gt L(u),. (A2)

where as shorthand notation the subscripts —, 0, -+ are used for j — 1, j, and j + 1,

fdamas dnana ACLEI;MAA_Q;M vt ieamnd deadiandad oee £ 1N

T T oo oe T Te 3 e ST T W RS RA T T TR St w U CIIASAWALLS AU ANV ARAAASLT Ay v \as kv )e

The function values #_ and u, and the spatial operators L(z)_ and L(), can be
obtained through Taylor’s series expansion about the point j.
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= uy + hal + e 4 f;_ @ + U + 4 + WO . (A3a)
u_ = uy — u01)+__ e %u§3’+h4—‘;u(‘,4’—ﬁ5—— W 2 h W ... (A3b)
L) = a_u® + b_u®
=bul + (a_— hb)u®
oo i o)
S LR R
L), = au? + bu
— b, + (@, + h,by) u?
e (o + Bl B (a4 By ) o0
Ao ) B o it o

where superscripts in parenthesis indicate derivatives and hy =x;,; — x; and h_ =
X; — X; . Multiplying (A3a) — (A3d) by o, B, v, 8, respectively, and collecting
terms the following relation is obtained.
oaty + Bu_ + yL(u)- + L), = (x + P) 4y + Bu® + Au® + CTu® + Dul?®
- Truncation Error  (A4)
or
— (@ + B uy + Bu_ = —yLw)_ — SL(w), + Au® + Bul + Cul® + Dul®
-+ Truncation Error, (AS5)

where, in order to obtain (A2) directly from (A5)

B=oah — Bh_ + yb_ -+ 8b, = b,,

A= a}; Bh + yla- — h b)) + da, + hiby) = a,,
oo oh,3 Bh_a . h. ) Sh, hy ) — o (A6)
“T—T—Y—(‘L‘z +ohfa+70) =0,
OLh 4 Bh 4 h Sh 2

TR T 2 (“-“?_b—)Jr 5 ("++h“3+b+):0‘
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Define
§=a2, B=B2 $=y2, §=239, (A7)
where Z is the determinant of (A6),
2 = {12a_a.(h.® + 4h.2h_ + 4h,h 2 + B3 — 2a.b_h_(3h,2 + Th.*h_
+ Sh h ? + h 3 + 2a_b h (h.® -+ Sh.2h_ + Th h ® 4+ 3h_®)
— hh b b (b, + h ).
Then the variables &, 8, 7 and § are given by
7 = {12h,a,ay(h,* — hyh_ — h?)
+ 2a,byh 2h_(3h, + 2h.) + 2anb b 2(h,2 — h b — 2h%)
+ h.3h_bgb (b, + h.), (A9)
8 = {12apa_h_(h_2 — h,h_ — h.2) + 2a0b_h 2(2h.2 + h h_ — h_?)
— 2a_boh b *2h, + 3h.) + beb_h,h ¥h, + h)}, (A10)

Bh_(h, + h_) = P[2ay — h.by) — 8[2a, + h.b,] — p[2a_ — b_(2h_+ k)], (All)
Ghy(hy + h_) = D[2ay + h_by] — 8[2a, + b,(2h, + h)] — P[2a_ — h b_].  (Al2)
Multiplying thru by 2, the ¢’s and r’s become

q_z')/}a ‘I+:S, 40:—9,

(A13)
r— = —5, ro = (@& + B), rt = —g,
such that the operators Q and R are given in the form
Q=85 —9r+9S_,
v (A14)

R=—8S,+@+pI—-ps_,

where S is the shift operator.
Using the relations (A7) — (A12) the truncation error given by

o (shs BAs | Shy h 2 b\
=g~ 5 T3 (“++Tb+)_T(“-—7b‘);”°

1 (&h,Ss Bh_¢ Sh,t h. Ph_t h_ @
+§% e TRl G S A (“-_?b-)s to
(A15)
is seen to be third order accurate for small 4.
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For a uniform mesh, A, = h_ = h, the truncation error reduces to

ht

T800a -\~ aa-a.] u® + [daga_b, — 35a_a by - 4aa,b ] ul}, (A16)
a_

Er =
which is fourth order accurate.

Note that in Eq. (2.12), common factors in the ¢’s and r’s have been canceled (in-
volving constant k), so that (2.12) differs from (A13) by a multiplicative constant, 243,

In a future paper it will be shown how a family of OCI schemes can be obtained by
expanding «, B, y and 8 in an asymptotic series in powers of # and retaining lower
order derivative terms in the truncation error while still achieving fourth order
accuracy.

APPENDIX B
The coefficients of (5.6), namely,

Fy = (uy)y = HyU, + H,U, + H,U, + Gofo -+ Gifs + Gofes (B1)

are derived.
Consider the compact implicit formulas

3
Fo+4F1+F2:E(U2—U0), (B2a)
12
So + 105, + S, = e (Uy — 2U; + Uy), (B2b)
3
So + 48 + S, = % (F, — Fy), (B2c)

and the differential equation at points j = 0, 1, 2 expressed as
aS; +bF,=f, j=012 (ab; #0). (B3)

Equations (B2)-(B3) form a system of six equations in nine unknowns, and thus F,
can be determined as a function of uy, 4, 4y, fy, /1, and f5 .
The coefficients in (B1) are listed below.

I LI I
(L 1

= |G §:+ W+ le e alfe
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3b
G = e (G R/C

Gl::a'lg( by +15)/(:

as
=23 6
G, = (- +R)C
bz _ by b5 b by :
~233 a a2 a0)+h(5 a a, ao)' (B4)
The truncation error is given by
_ b b, by b, 3
ETRUNC_: a; — 10 )ES+[ as(aa_—zg_l_ﬁ)
Y by by b, 3
(ot =102 B+ 4 (G2 — 22 +5) B
where
h4 h4 h4
— s @ L)) — e
ES 530u , Ep 30u . ET 20“ .

Equation (B5) can be specialized for constant coefficients

(S N

In the case of time dependent problems modifications to (B1) are necessary. Con-
sider the one dimensional parabolic equation

u, = L(u) = aS + bF = f. (B7)
The first derivative at an end point at time level (# + 1) in the form of
F'n+l H(;H-IU(:H-I + H;’+1U{L+l + H‘n+1Uﬂ+1
_+_ Gg+lfn+1 Gn+1f’n+1 Gn+1fn+1 (BS)

is sought.

Again, as before, use the compact implicit formulas (B2), but with«, F,and S evaluated
at time level (n + 1). The differential equation (B7), however, is discretized temporally
by a Crank—Nicolson scheme to yield

n+l n n+1
U U st g bR - S bR = L

At (B9)
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Thus f appearing in (B8) is the spatial operator evaluated at (» -+ 1) and is given by

2

WL griignl |y pret | 7 Urtt — (fJ + i U ) (B10)

Hence, substituting (B10) into (B8), the desired relationship is obtained:

Fr+t = [ HI 4 j n+l] Urt [ H n+1] U

T ar

+ [H;'H + _‘% n+1] Url 4 GoH [fo + = At ]

G [£r +27U1]+Gm [f2n+%uzn]_ (B11)

The local spatial truncation error remains unchanged.

APPENDIX C

Here we prove the invertibility of S = (Q — AR), A > 0 for the case of constant
coefficients. Let s+:0— = g+0~ — Ar+:0— Let d, = det S (J x J matrix). Expanding
by minors, since § is tridiagonal d; = s°%d;_; — s*ts~d;_,, j = 2, 3, J. Where
d; = s° d, = 1. Observe from (2.12) that for R, < 12172, 5 > 0. Thus if sts— <0
the d; are a strictly (nondecreasing) positive sequence. The only case that needs
further consideration is when s*s— > 0. In this case sign s* = sign s~ which implies
that (by direct substitution from (2.12))

Istl+|s | =]st+s|=1(12— R — R2— 144X |
<12 4+ 144X < 5°

In this case S is an irreducibly diagonally dominant matrix and hence invertible
[18]. The authors thank Charles R. Johnson for the suggestion to expand out the
above determinant and to consider the sign pattern.
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